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In [1] we introduced principal bundle groupoids (PB-groupoids) as a natural counterpart of vector bundle groupoids (VB-groupoids) and discovered
its rich interactions with Lie groupoids, principal bundles, and (strict) Lie 2-groupoids. We established a hew correspondence between
VB-groupoids and PB-groupoids expanding classical geometric constructions and providing new perspectives in the study of higher gauge
theories. Additionally, our work includes illustrative examples with explicit formulas.

1. Lie groupoids and VB-groupoids

For proofs and more info about these objects see [2]. A Lie groupoid can be seen in different
ways. This poster will see them as a manifold with a set of relations. To use the standard
notation for these objects, the manifold will be called the base and the relations will be called
arrows. Following this logic, we consider vector bundles (VB) over Lie groupoids (aka over
manifolds and relations).

Definition 1.1. A VB-groupoid of rank (/, k) is a commutative diagram

EQL)Q

]

Ey —2 M

such that
*mg:Eg— GisaVBofrankl+k andmy; : Eyy — M is a VB of rank k;

G = M and Eg = E), are Lie groupoids;
« the structure maps (3, s), (t,t), (m,m), (@, u), (7, T) are morphisms of VBs.

Example 1.2. Given any Lie groupoid G = M, the tangent manifold of the arrows T'G = T'M
is a VB-groupoid over G = M.

Definition-Example 1.3. Let [,k € N fixed. On GL(I, k)g := Hom(R!, R¥) = M, .(R) we can
consider the identity groupoid and two trivial vector bundles,

RUM — R R¥ x GL(Lk)y and R = RF x GL(1, k),.

(de)+e forc € R, e € R¥ and d € GL(I, k). The ac-
tion groupoid ]Rg’k) = Rgl’m completes an example of VB-groupoid. We call the VB groupoid
Rg’k) = Rgl’k) the canonical VB groupoid of rank (1, k).

Given any VB groupoid Eg = E); over a Lie groupoid G = M there is a vector bundle over
M called the core, and given by the set

Chp = u” ker(s) = {v € ker(s),,(;) C (Eg)y(z)
The core of T'G as example 1.2 is the Lie algebroid of the Lie groupoid G.

The space R! acts on Rgl’k) by (c,e,d) —

. x e M}.

2. VB-groupoids and Poisson geometry

Let us state a list of facts to motivate the relation between VB-groupoids and Poisson geome-
try. These facts are part of the folklore knowledge but it can be traced to the work "Groupoides
Symplectiques” of Coste, Dazord and Weinstein in 1987.

* Any Lie groupoid has an associated Lie algebroid. This construction is given by the core
of the tangent Lie groupoid. More precisely, the Lie algebroid associated to G = M is the
core of T'G = T'M given by Cj; = u* ker(s = ds).

» Any Poisson manifold (M, 7) has an associated Lie algebroid 7#: T*M — TM.

 For any manifold M the cotangent T*M is a symplectic manifold and therefore a Poisson
manifold. For a Lie groupoid G = M the cotangent of G i.e. T*G is a symplectic manifold.

* One of the basic examples of Poisson manifolds is given by the dual of a Lie algebra g. In
this case, linear functions on g* corresponds to elements in =,y € g and for any o € g*
there is {z,y}a = a(|z,y]). There is a similar construction for the dual of a Lie algebroid,
so dual of Lie algebroids are also Poisson manifolds. For the Lie algebroid T'M we get the
symplectic (therefore Poisson) manifold of 77 M

- The dual of the tangent groupoid 7°G = (7, is the symplectic groupoid integrating the
Poisson manifold C*,.

* In particular for a Lie algebra g with Lie group G the Lie groupoid TG = g* is symplectic
integrating g*.

3. Special ordered basis for VB-groupoids

Definition 3.1. (see [4, section 8]) Let Eg = E); be a VB-groupoid of rank (I, k) over G = M.
lts fat groupoid G(Eg) consists of all the pairs (g, H,), with g € G and H; C (Eg), any
(necessarily k-dimensional) subspace such that

Hy @ ker(sg) = (Eg)g, Hy, & kef(gg) = (Eg)g-
The set G (Eg) has a natural Lie groupoid structure over M, with structure maps
s(g, Hg) = s(g),  tlg,Hg) =tlg),  m((g,Hy), (h, Hy)) = (gh,m(Hyg, Hyp))-
u(x) = (L, u(Ey)z),  ilg, Hy) = (97", 7(Hy)).
Moreover, there is an action of G(Eg) = M on the vector bundle C; < Eyr — M, given by
(9, Hy) - (cayex) = (g o Ryi(ca) , t(Bglm,) " (ea) ). (1)

for ay € H, such that 5y(ay) =t (cz).
Definition 3.2. (Special ordered basis, see [1]) Let E; = E),; be a VB-groupoid of rank
(I, k) overG = M, we consider the following ordered basis (OB)

Fr(Eg) Sbls = { cg,eq) € OB(Eg)g | cg € OB(ker(s)g);eq € OB(Hy); (g, Hy) € Q(Eg)}.

This set is called the s-bisection frame bundle of ;.
Lemma 3.3. Let Eg be a VB-groupoid. The function

F: F*"S(Eg) — G(Eg) %y (Fr(Chy) xpg Fr(Eg)): (cgreq)

Is a bijection. Therefore FeriS(Eg) has a Lie groupoid structure coming from the action
groupoid G(Eg) x pr (Fr(Chp) X ay Fr(Epy)) = Fr(Cay) x ag Fr(Epy)-

The map G(Eg) x v (Fr(Cyy) x g Fr(Epy)) — FeriS(Eg) — Fr(Eg) is an immersion (i.e. F' is a
diffeomorphism).

(g, Span(eg), a, 10 (cg), §(eg))

4. The Lie 2 groupoid GL(/, k) or the matrices acting on FeriS(Eg)

In general, since we will consider different groupoid structures on the same space, we adopt
the notation s;;,t;;, m;;, u;;, 7;; for the structure maps of a Lie groupoid G; = G;.

Definition 4.1. (see [3]) A (strict) Lie 2-groupoid G, = G = Gq Is a double Lie groupoid
where the base groupoid Gy = M = G Iis the unit groupoid. In other words it is a commuta-
tive diagram of Lie groupoids

such that the following two conditions are satisfied:
1. all the source and targets maps are Lie groupoid morphisms;
2. the interchange law
(gl Om20 g2) Om21 (93 OmQO 94) — (gl Om21 gS) Om20 (92 Om21 g4>

holds for all g; € Gy such that the compositions above make sense,
We will focus in a particular Lie 2-groupoid which we describe here below:

Definition-Example 4.2. For any pair (1, k) of natural numbers the general linear 2-groupoid
of rank (1, k), denoted by GL(l, k), is the Lie 2-groupoid with

CL(l, k)y := {(d, (gl Jj_f)) € GL(I,k)g x GLI+k) : (I; + Jd) € GL(I) and (I, + dJ) € GL(k)}
CL(, k)1 = GL(I, k)o x GL(I) x GL(k),
GL(1, k)p := Hom(R!, R¥) = M, .(R).

 The groupoid structure on GL(I, k) = GL(I, k)q is like a right action groupoid with:

d 2 (d, (g‘ J;)) — s (I +dJ)B)"1dA .

* The groupoid structure on GL(l, k) = GL(I, k)1 is the unique one with:

(d, A, (I +dJ)B) <2 (d, (gl "5)) s (d, (T +Jd)"'A, B) |

and composition given by:

A JI+dJ)B (I+Jd)A JB ma1 A (JdJ +J+J)B
(0 W) (00 F)) = (o0 )
 The groupoid GL(l, k)1 = GL(I, k) Is a right groupoid action with:

d <2 (d A B) 2% B-14A .

Proposition 4.3. (see [1]) The usual left action of GL(L + k) onR! x R¥ induces a GL(l, k); =

GL(l, k)y action on Rg’k) as in 1.3, and a canonical G(l,k); = GL(l, k)y action on Rg’k> ex-
tending to a Lie 2-groupoid (left) action:

QLK) C RYM 294 aLu, k)
tu tus Iduld
GL(I, k) C R, — GL(, k)

t

S
L
GL(L, k)

Proposition 4.4. (see [1]) The usual right action of GL(l + k) on Fr(Eg) induces a princi-
pal GL(l, k); = GL(l, k)q action on Fr(Eg)SbIS, and a canonical G(I, k); = GL(l, k)qy action on
Fr(Cyy) x a1 Fr(E)y) extending to a Lie 2-groupoid action:

LIk, ) (g™ N ﬁ
tus t||s
M

Fr(C) ), Fr(E,) l .

We called PB-groupoid a diagram as above, with a principal Lie 2-groupoid action on a Lie
groupoid. Using the same construction of a VB from a PB we proved that the following cor-
respondence is true:

{ GL(l, k)-PB-groupoids over G =% M } +— { VB-groupoids of rank (/, k) over G = M}
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